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A note on Delbrouck's approximate solution to the heterogeneous blocking

problem *
by

E.A. van Doorn

ABSTRACT

Delbrouck's [2] recent estimates for the call blocking probabilities
experienced by heterogeneous traffic streams on a common trunk group are
brought to light in a new and simple manner. A link with earlier estimates
by Delbrouck [1] is established by means of a Manfield and Downs-type ap-—

proximation.

KEY WORDS & PHRASES: teletraffic theory, blocking probability, heterogeneous
blocking problem
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I INTRODUCTION

The model we consider is that of a trunk group of size N to which
k independent streams of calls are offered. Upon arrival at the trunk
group each call seizes a free trunk, if available, and keeps it occu-
pied during an exponentially distributed holding time with mean u_l.

Traffic stream %, £ = 1,2,...,k, has mean m_, and peakedness factor

2
z- We assume throughout that z, > 1. Those calls from stream £ for
which no free trunk is available upon arrival are lost and constitute
the overflow traffic of stream 2. The mean of this overflow stream

N
will be denoted by m,. The problem is then to give an estimate for

)
the call blocking probability

(1)

experienced by stream % in terms of the parameters N, u, mi and Zi'
i=1,2,...,k.
Delbrouck [2] has obtained estimates for the quantities BQ on the

basis of the assumption that the steady-state probabilities

p(xl,xz,...,x ) of having xi trunks occupied by calls from stream i,

k

i=1,2,...,k, can be written as
= 2
p(xl,xz,...,xk) c ITp,(x.), (2)
where ¢ is a normalizing constant and the pi(x), x=20,1,..., are

probabilities from a negative binomial distribution. The main pur-

pose of this note is to present a simple rationale for Delbrouck's



estimates, which avoids the recently criticized ([4]) assumption (2).
We also relate the estimates to earlier ones by Delbrouck [1] by

means of a Manfield and Downs-type approximation.



II CALCULATION OF BLOCKING PROBABILITIES

Our basic assumption is that in each stream 2 the calls arrive in

batches of size bz, where

1 _ i- .
Pr{bQ =i} = (1 rg)rk (i 1,2,...) (3)

(0 < r, < 1), while the arrival of batches is governed by a Poisson

If r and v_ 2 are chosen such that

i i ity v .
process with intensity . 9 .

r =1 - ZQ , V_ = um. z , (4)

then the mean and peakedness factor of stream % are equal to m, and

Zg respectively, (see [3]) which fits in with the setting of the
heterogeneous blocking problem as set forth in the introduction.

Let P, denote the steady-state probability of having i occupied

trunks at an arbitrary moment and write

P(x) =
i

™M=
lte}
»

0

Exploiting the fact that Poisson arrivals see time averages ([6]),
we can consider the overflow traffic of stream % as a batched
Poisson process where the arrival rate of the batches is \)Q (as in

Y
the offered stream L), but where the batch size bz is distributed as

N-1 s
T op.(l -1 9 if i =0
=0 3 *
Pr{%l =i} = (5)
N ..
(1 -x) % rI;lHl_J 1 if i >0,

j=0



as can easily be verified. It follows that the average batch size

B )
E(b,

Hence, by

o\
= ZiPr{b2 = i} in the %th overflow stream is given by

so that

as

(i

(i

We can

N -1 N -1
E(b,) = (1 - r_) rQP(rl ) . (6)

B = vQE(g ) =m e ) (7)

write down the balance equations for the probabilities P,

k i-1 k
(ip + X v, )p, = (i+l)up, + X p, X
4=1 2754 i+l =0 3=

i-3-1
[ tre (9)

..,N=-1), from which it is easy to see that

k .1 .
. i -j
(i+1)p, = X a,r, £ p.xr (10)
i+l =1 £ 2j=0 3L
,N-1), where
a, = v /u . (11)

Apart from its depth, the recursive scheme (10) is independent of



N
N. Thus given the normalized solution {pi}o to (10) foxr N = n, we can
obtain the normalized solution for N = n + 1 by using (10) once for

i = n and renormalizing. In view of (8) this gives us the following

algorithm for determination of the Bz's:
0
initialization : pé ) 1, Bé0)= 1 (R =1,2,...,k)
k k
-1 -1
for n=1,2,...,N : p(n)= 2 a B(n )/(n + X a B(n ))
n 7L 7L
=1 =1
(n) (n) (n) (n-1)
B2 =p + (1 1N ) QBQ (2 =1,2,...,k)
(N
stop : BZ = BZ ) (2 =1,2,...,%)
With (4), (11) and by making the identifications ay = ay. 82 =xr,,
_ _(n) (n) ., . ) C
En =P, and 0(2,n) = mng , it is readily seen that this is pre-

cisely the scheme suggested by Delbrouck [2, Proposition 1 and (4.2)]
for finding estimates for the call blocking probabilities (1). Thus

we have actually shown that for given means m, and peakedness factors

2
Zl 21, 2=1,2,...,k, traffic streams can be constructed which, when

offered to a common trunk group, experience call blocking probabili-

ties that are exactly determined by Delbrouck's recursive scheme.



IIT A MANFIELD AND DOWNS-TYPE APPROXIMATION

Manfield and Downs [5] study the model of the introduction and
assume in addition that the offered streams are renewal processes with
known interarrival time distributions FQ(t), & =1,2,...,k. They sub-
sequently seek to calculate the call blocking probabilities Bg up to a
common multiplicative constant, but have to make two simplifying
assumptions in order to get explicit formulas. Their result can be

formulated thus: The call blocking probabilities B, are approximately

2
proportional to the factors
1 + 1 —jﬁﬁ&iﬁfj~—— - m (12)
m{ 1 - wl(NU) ) '
where
k
m= XIm
=1 %
and
® -st
V. (s) = [ e "TdF, (t) (Re s > 0),
2 0- 2 =

the Laplace-Stieltjes transform of the interarrival time distribution
of the 2th stream.
Since the batched Poisson processes of the previous section can be

thought of as renewal processes with interarrival time distributions



Fg(t) = r2 + (1 - rz)(l - exp(—vzt)) (t > 0), (13)

g =1,2,...,k, we can use (12) to obtain approximations (up to a mul-
tiplicative constant) for the call blocking probabilities whose exact
values a£e determined by the recursive scheme of the previous section.
A simple calculation involving (4) and (13) shows that (12) actually

reduces to
N
1+ —(zl - 1) . (14)
m
Surprisingly, these are the estimates for the proportionality factors

proposed by Delbrouck in [1] for the case where only the means and

the peakedness factors of the offered streams are specified.



REFERENCES

(1]

(2]

(3]

L4]

(5]

(6]

L.E.N. Delbrouck, "A unified approximate evaluation of congestion

functions for smocoth and peaky traffics," IEEE Trans. Commun.,

vol. COM-29, pp. 85-91, 1981.
L.E.N. Delbrouck, "The uses of Kosten's systems in the provision~
ing of alternate trunk groups carrying heterogeneous traffic,"

IEEE Trans. Commun., vol. COM-31, pp. 741-749, 1983.

J.M. Holtzman and D.L. Jagerman, "Estimating peakedness from

"

arrival counts," paper 134 in Proc. 9th Int. Teletraffic Cong.,

Torremolinos, Spain, 1979.
P. le Gall, "End to end dimensioning of hierarchical telephone

networks and traffic combination," paper 2.1.7 in Proc. 10th Int.

Teletraffic Cong.; Montreal, Canada, 1983.

D.R. Manfield and T. Downs, "Decomposition of traffic in loss

systems with renewal inputs," IEEE Trans. Commun., vol. COM-27,

pp. 44-58, 1979.

R.W. Wolff, "Poisson arrivals see time averages," Operations Res.,

vol. 30, ppP. 223-231, 1982.



